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1. Introduction 

1.1. — Let X be a smooth complex algebraic variety and / : X — A^^ be a non 
constant morphism to the affine line. Let x be a singular point of /~^(0), that is, 
such that df{x) = 0. 

Fix < ?7 ^ £ ^ 1. By Milnor's local fibration Theorem (see [23] . |12j ) the 
morphism / restricts to a fibration, called the Milnor fibration, 

(1.1.1) B{x,e) n f-\BiO,r]) \ {0}) 5(0, ry) \ {0}. 

Here B{a,r) denotes the closed ball of center a and radius r. 
The Milnor fiber at x, 

(1.1.2) F, = f-\7^)nB{x,e), 

has a diffeomorphism type that does not depend on rj and e and is endowed with an 
automorphism, defined up to homotopy, the monodromy M^, induced by the char- 
acteristic mapping of the fibration. In particular the cohomology groups H'^{Fx, C) 
are endowed with an automorphism M^, and we can consider the Lefschetz numbers 

(1.1.3) m:^) = ti{M:-H\F,x)) = Y.(-i)MMT-.H\F,x))- 

i 

In [1], N. A'Campo proved that if x is a singular point of /~^(0), then A(M^) = 
and this was later generalized by Deligne to the statement that A(M^) = for 
< m < /i, with n the multiplicity of / at x, cf. [2]. 

In A(M™) was expressed in terms of arcs in the following way. Set 

(1.1.4) = ye X{C[t\/t^+^)-f{^) = mod t^+\m = x]- 
Theorem 1.1.1 ( |11] ). — For every m > 1, 

(1-1-5) Xc{X„,,.)=A{M^). 
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Here Xc denotes the usual Euler characteristic with compact supports. Note that 
one recovers Dehgne's statement as a corollary since AVt,x is empty for < m < fi. 
The original proof in [11] proceeds as follows. One computes explicitly both sides 
of (11.1.51) on an embedded resolution of / = and checks both quantities are equal. 
The computation of the left hand side relies on the change of variable formula for 
motivic integration in [8] and the one of the right hand side on A'Campo's formula in 
[2]. The problem of finding a geometric proof of Theorem 1 1 . 1 . 1 1 not using resolution 
of singularities is raised in |18] . The aim of this paper is to present such a proof. 

1.2. — Our approach uses etale cohomology of non-archimedean spaces and mo- 
tivic integration. Nicaise and Sebag introduced in [22j the analytic Milnor fiber 
of the function / at a point x which is a rigid analytic space over C((t)). Given an 
embedding of in C, the etale £-adic cohomology of the base change of over 
the algebraic closure of C((t)), once tensored with C, may be identified with the co- 
homology groups of F^. In this way the right hand side of fll.l.Sp may reinterpreted 
as a trace of the m-th iterate of the canonical generator of /i(C) on the etale ^-adic 
cohomology of a rigid analytic space. 

We use motivic integration in the following way. In the paper |15] a canonical 
morphism 



is constructed (see §2.51 for a review of the construction). Here K{VF) is the 
Grothendieck ring of ACVF-definable sets over C((t)) and !i<'(RES) is a quotient of 
the Grothendieck ring i^'(RES) of definable sets over the generalized residue struc- 
ture RES. In fact, by Proposition 14.3.11 -R'(RES) may be reinterpreted in terms of 
the Grothendieck ring /^(Varc; fi) of C-varieties with /l-action. In particular, there 
is a natural /i-action on !i^'(RES)/([A^] — 1). Instead of trying to prove directly a 
Lefschetz fixed points for objects of VP, that are infinite dimensional in nature, our 
strategy is to use the morphism EUr in order to reduce to finite dimensional spaces. 
To this aim, using etale cohomology of Berkovich spaces, as developed in [3], we 
construct a natural ring morphism 



(where /i— Mod is the Grothendieck ring of /t-modules over Q^, see below.). A 
fundamental result is that EU,5t factorizes through EUp. Indeed, Proposition 15.4.11 
states that the diagram 



(1.2.1) 




(1.2.2) 




(1.2.3) 



K{VF) 



EUr 



!ir(RES)/([A^] - 1) 





K{fl-Mod) 



is commutative, with Euet corresponding to the cohomology with compact supports 
on K{Va,T(c; fi). In this way, one is able to reduce the proof of Theorem II. 1.11 to 
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the Lefschetz fixed point theorem for finite order automorphisms acting on complex 
algebraic varieties. 

1.3. — In section [TJ we explain the connexion between the morphism EUr and the 
motivic Serre invariant of [19j . We show in Proposition 17.2. 11 that if X is a smooth 
proper algebraic variety over F{{t)) with F a field of characteristic zero, with base 
change X{m) over then the motivic Serre invariant S{X(m)) can be 

expressed in terms of the part of EU-p{X) fixed by the m-th power of a topological 
generator of fi. This allows in particular to provide a proof circumventing the use 
of resolution of singularities of a fixed point theorem originally proved by Nicaise 
and Sebag in [22j. Section [H] contains additional results of related interest. We show 
how one can recover the motivic zeta function and the motivic Milnor fiber from 
a single class in the measured Grothendieck semiring of definable objects over VF, 
namely the class of the set of points y in X(C[[t]]) such that rv/(?/) = rv(t) and 
y{Q) = X. 

During the preparation of this paper, the research of the authors has been par- 
tially supported by the ERG Advanced Grant NMNAG and the second author ben- 
efited from the hospitality of IHES. 
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2. Preliminaries on Grothendieck rings of definable sets, after [15] 

2.1. — We shall consider the theory AGVF(0,0) of algebraically closed valued 
fields of equal characteristic zero, with two sorts VF and RV. The language on VF is 
the ring language, and the language on RV consists of abelian group operations ■ and 
(■)^^, a unary predicate k^ for a subgroup, an operation + : k^ — ?■ k, where k is k^ 
augmented by a symbol zero, and a function symbol rv for a function VF^ — j- RV. 

Let L be a valued field, with valuation ring Ol and maximal ideal Aii- We set 
VF(L) = L, RV(L) = LVl + Ml, T{L) = L"" /Ol and k(L) = Ol/Ml- We have 
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an exact sequence 

(2.1.1) O^k^^RV^r^O, 

but be shall view F as an imaginary sort. We denote by rv : VF — j- RV, val : VF F 
and valrv : RV F the natural maps. 

2.2. — Fix a base structure Lq which is a valued field. For each 7 G Q ® F(Lo), 
we consider the definable set (a one-dimensional k-vector space) 

(2.2.1) A" I — >V^ = {0} U{xeK; val(a;) = 7}/(l + Mr) 

on valued field extensions K of Lq. Note that when 7 — 7' G F(Lo), and Vy 
are definably isomorphic. For 7 = (71, . . . , 7„) e (Q (g) F(Lo))" we set = YiiV-yi- 
By a 7-weighted monomial, we mean an expression aiyX"^ = Yli ^i' with u = 
{ui, . . . , Un) G a multi- index, such that a^, is an Lo-definable element of RV with 
valrv(ay) + J^i^ili = 0. A 7-polynomial is a finite sum of 7-weighted monomials. 
Such a 7-polynomial H gives rise to a function if : — >■ k so we can consider its 
zero set Z{H). The intersection of finitely such sets is called a generalized algebraic 
variety over the residue field. The generalized residue structure RES consists of the 
residue field, together with the collection of one- dimensional vector spaces V^, for 
7 G Q ® F(Lo) and the functions H : ^ k associated to each 7-polynomial. 

2.3. — We denote by VF[n] the category of definable subsets of n-dimensional 
varieties over Lq. An equivalent definition is the following (cf. [15] 3.65): objects 
of VF[?T,] are exactly definable subsets X of VF* x RV* such that there exists a 
definable map X — )■ VF" with finite fibers. We use here the notation S* to mean 
5*™", for some m, for a sort 5*. 

We denote by RV[n] the category of definable pairs (X, /) with X C RV* and 
/ : X — )■ RV" a finite-to-one definable map and by RES[n] the full subcategory 
consisting of objects with X such that valrv(-^) is finite (which is equivalent to the 
condition X C RES*). 

We shall denote by K+, resp. K, the Grothendieck semi-ring, resp. the 
Grothendieck ring, of such categories as defined in [15] . The Grothendieck 
semi-ring i^+(RV[n]) is isomorphic to the Grothendieck semi-ring of definable 
subsets X of RV* of RV-dimension < n, that is, such that there exists a 
parametrically definable map with finite fibers to RV". 

We shall set 



(2.3.1) RV[< n] = ©o<fc<nRV[fc], 

(2.3.2) RVH = ©o<nRVM 
and 

(2.3.3) RES[*] = ©o<nRESM. 



Also, one defines F[n] as the category whose objects are definable subsets of F", 
and set F[*] = ©o<nr[n]. 
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The mapping X h-^ val^.^ (X) induces a functor T[n\ — ^ RV[n], hence a morphism 
K+{T[n]) -> K^{m[n]). We also have a morphism is:+(RES[n]) ^ is:+(RV[n]) 
induced by the inclusion functor RES[n] — j- RV[n]. It is proved in Corollary 10.3 of 
|15] that the canonical morphism 

(2.3.4) m : ir+(RES[*]) ®/^^(rfln) K+{T[*\) fC+(RV[*]) 

is an isomorphism, with Kj^(T^'^) the Grothendieck semi-ring of finite definable 
subsets of r. 

2.4. — One defines 

(2.4.1) L : ObRVH — > ObVF[n] 
by sending (X, /) to 

(2.4.2) L(X, /) = {(yi, . . . , x) G (VF^)" x X, (rv(y,)) = /(x)}. 
This mapping induces a morphism of filtered semi-rings 

(2.4.3) A : K+{m[*]) — > K+{Y¥) 

sending the class of an object X of RV[n] to the class of L(X). By Theorem 8.8 
of |15] . A is surjective with kernel the semi-ring congruence Jgp generated by [l]i ~ 
[l]o+[RV>°]i, with [l]i and [l]o the class of the point 1 in K+{m[l\) and fs:+(RV[0]), 
respectively, and [RV^°]i the class of the set {x G RV;vali.v(x) > 0} in i^'+(RV[l]). 
Thus, by inverting A, one gets a a canonical isomorphism of filtered semi-rings 

(2.4.4) j : K+{YY) K+{m[*])/h^. 

2.5. — Let /! be the ideal of i^(RES[*]) generated by the differences [val^^(a)] — 
[valj:^^(0)] for a running over r(Lo) ® Q. We denote by !-ft'(RES[*]) the quotient of 
K(RES[*]) by J! and by !ir(RES[n]) its graded pieces. 

We shall now recall the construction of group morphisms 

(2.5.1) £n and : K(RV[< n])//sp — >!ir(RESM) 

given in Theorem 10.5 of [15] . 

The morphism £n is induced by the group morphism 

(2.5.2) 7 : ®m<nK{m[m]) (RES[n]) 
given by 

(2.5.3) 7 = E/5-°xH, 

m 

with :!is:(RES[m]) ^!K(RES[n]) given by [X] ^ [X x A""™] and : 
-ft'(RV[m]) — )'!i^"(RES[m]) defined as follows. The isomorphism 02.3.41) induces an 
isomorphism 

(2.5.4) K{m[m]) ~ ©i<£<„ir(RES[m - ^]) ^Kir^^) K{T[e]), 
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and x[^] is defined as Q)i<e<mXe with Xi sending a ® b in K{RES['m — i]) <^K{r^'^) 
K{r[£]) to [Gm]^-a, where x '■ -^(r[^]) — )■ Z is the o-minimal Euler characteristic 
(cf. Lemma 9.5 of |15] ). The definition of is similar, replacing by the identity 
and X by the "bounded" Euler characteristic x\ given by x'(X) = limr_>oo xO^ ^ 
[— r, r]"') for Y a definable subset of F". 

We will now consider !ir(RES[n]) modulo [A^] — 1. By the formulas in |15j 10.5 
(1) and (3) the morphisms £n and S'^ coincide modulo [A^] — 1, thus they induce the 
same morphism 

(2.5.5) En : K{RV[< n])/!,^ ^\K{RES[n])/{[A'] - 1). 

These morphisms are compatible, thus passing to the limit one gets a morphism 

(2.5.6) E : i^(RV[*])//sp (RES)/([Ai] - 1). 

In fact, the morphism E is induced from both the morphisms S and S' from |15] 
10.5 (2) and (4). 

The morphism E maps [RV>°]i to 0, and [X]k to [X]k for X G RES [A;]. Compos- 
ing E with the morphism K{VF) — )■ i^(RV[*])//sp obtained by groupification of the 
morphism / in f l2.4.4l) one gets a ring morphism 

(2.5.7) EUr : K{VF) —^\K{RES)/{[A^] - 1). 

2.6. — The rest of this section is not really needed; it shows however that the 
introduction of Euler characteristics for T can be bypassed in the construction of 
EUr. 

Let val = valrv denote the canonical map RV — )■ F. Let /f be the ideal of 
ii'(RV[*]) generated by all classes [val~^([/)]i, for any definable U C F™, m > 1, and 
let /* be generated by Jp along with Igp. Since [RV^°] G /f , the canonical generator 
[RV^°]i + [l]o — [l]i reduces, modulo /f , to [l]o — [l]i, i.e. the different dimensions 
are identified. Thus i^'(RV[*])//^ = K{RV)/ Ir, where on the right we have the ideal 
of K{Ry) generated by all classes [val~^(?7)], for any definable U C F™, m > 1. 

Lemma 2.6.1. — The inclusion functor RES RV induces an isomorphism 
!ir(RES)/([Ai] - 1) ^ i^(RV)//r. 

Proof. — This is already true even at the semiring level, as follows from Propo- 
sition 10.2 of [H]. The elements [val~\U)] of K+{RV) are those of the form 
l^b in the tensor product description, with b G i^'+(F[?T,]), n > 1. Factoring 
out the tensor product i^'+(RES)(S)i^+(F[*]) by these relations we obtain simply 
i^'+(RES)(8>fr+(F[0]) = -ft'+(RES). Now taking into account the relations of the ten- 
sor product amalgamated over K+(T^^), namely l®[{7}]i = [rv~^(7)]cg)[l]o, as the 
left hand side vanishes, we obtain the relation [rv~^(7)] = 0. These are precisely the 
relations defining !ii'(RES) (namely [rv~-^(7)] = [rv~^(7')]) along with the relation 
rv-i(O) = (i.e. [A^] -1 = 0). □ 

Remark 2.6.2. — It is also easy to compute that the map 
(2.6.1) £ : ir(RVH//sp) — ^!i^(RES)[[Ai]-i] 



MONODROMY AND THE LEFSCHETZ FIXED POINT FORMULA 



r 



from |15], Theorem 10.5, composed with the natural map !i^(RES)[[Ai] ^] 
!/s:(RES)/([Ai] - 1), induces the retraction K{RV)/Ir ^\K{RES)/{[A^] - 1) above. 



3. Invariant admissible transformations 

We continue to work in ACVF(0, 0) over a base structure Lq which is a valued 
field. 

3.1. — For a G r(Lo), one sets Oa = {x : val(x) > a}, and A4a = {x : 
val(x) > a}. For x = {x',x"),y = {y',y") G VF" x RV™, write v{x - y) > a if 
x' — y' G (Ma)^. If / is a definable function on a definable subset X of VF" x RV™, 
say / is a-invariant, resp. a^-invariant, if f{x + y) = f{x) whenever x,x + y & X 
and y G (Oa)", resp. y G (A^a)". Say a definable set Y is a-invariant, resp. a^- 
invariant, if the characteristic function ly : VF" x RV™ — t- {0, 1} is a-invariant, 
resp. a"^-invariant. 

Call a definable set of imaginaries non-field if it admits no definable map onto a 
non empty open disk (over parameters). Any of the geometric sorts other than VF 
have this property. 

In the next Lemma "definable" means A-definable, where A is any set of imagi- 
naries. 

Lemma 3.1.1. — Let X C VF" be a definable subset bounded and closed in the 
valuation topology. Let f : X ^ W be definable, where W is a non-field set of 
imaginaries. Fix a in r(Lo). Then there exist (3 > a, a -invariant g : X ^ W 
such that for any x E X, for some y E X, v{x — y) > a and g{x) = f{y). 

Proof. — We use induction on dim(X). If dim(X) = we can take f = g, and 
/3 the maximum of a and of the maximal valuative distance between two distinct 
points of X. So assume dim(X) > 0. 

Let us start by proving that there exists a definable subset Y C X, dim(F) < 
dim(X), Y relatively Zariski closed in X, with / locally constant on X\Y. Indeed, 
the locus Z where / is locally constant is definable. If Z does not contain a Zariski 
dense open set, then its complement contains a non empty open ball e. Note that on 
every non empty open sub-ball of e, / is non constant. It follows that the following 
property holds: 

(*) the Zariski closure of e fl f^^{w) is of dimension < n for every w in W. 

Thus, for any model of ACVF(0,0), there exists X' C VF" definable bounded 
and closed in the valuation topology, /' : X' — )■ W definable with W a non-field set 
of imaginaries and a non empty open ball e' such that (*) holds. It follows that for 
p large enough there exist such X', W, f and e' defined over the algebraic closure 
of Qp such that (*) holds. Take a finite extension L of Qp over which X', W , f and 
e' are defined. Since W\L) is enumerable and, by (*), f'~^{w') ne'(L) is of measure 
zero, for each w' G W'{L)., it follows that e'(L) is of measure zero, a contradiction. 
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For each x in X \ Y, we denote by 6{x) be the valuative radius of the maximal 
open ball around x contained in X \ F on which / is constant. 

By the inductive hypothesis, there exist /3' > a, a /^''''-invariant gy '■ Y ^ W 
such that for any y E X, for some z G F, v{y — z) > a and gviy) = f{z). 

Let Y' = {x & X : {3y G Y){v{x — y) > f3')}. One may extend gy to a function 
g' on Y' by defining g'{x) = gy{y) when v{x — y) > /3'. By the /^''''-invariance of 
gy, this is well-defined. Moreover it is clear that for any y G Y', for some z & Y, 
viy - z)> a and g\y) = f{z). 

As X \ y is closed and bounded, S is bounded on X \ Y'; so for some (3 > f3', a, if 
x,x' E X \ Y' and x — x' E then /(x) = f{x'). Define g{x) = g'{x) for x G Y', 
and g{x) = f{x) for x E X \ Y'. Note that if x,x' E X and v{x - x') > l3{> /?'), 
then either x,x' E Y' or x,x' E X\y; in both cases, g{x) = g{x'). We have already 
seen the last condition holds on Y'; it clearly holds for x E X \ Y', with y = x. □ 

We repeat here Corollary 2.29 of [14] . 

Corollary 3.1.2. — Let D be a C -definable set in ACVF. Then the following are 
equivalent: 

(1) There exists a definable surjective map g : (O/PO)"' — )■ D. 

(2) There is no definable function f : D T with unbounded image. 

(3) For some f3o < < f3i E T{C), for anyeED, eE dd{C, f3oO/f3iM). 

A definable set D satisfying (1-3) will be called boundedly imaginary (or bounded, 
for short). 

Lemma 3.1.3. — Let T be a bounded definable set of imaginaries. Let X C 
VP" X T, and let Xj = {x : (x,t) G X}. Assume each Xf is bounded and closed in 
the valuation topology. Let f : X ^ W be definable where W is a non-field set of 
imaginaries. Fix a in r(Lo). Then there exist (5 > a, a (3^ -invariant g : X W 
such that for any t E T, and x E Xt, for some y E Xt, v{x — y) > a and g{x, t) = 

f{y,t). 

Proof. — For each t we obtain, from LemmaEHl an A(t)-definable element (3{t) > 
a, and a /3(t) "'"-invariant gt : Xt W, with the stated property. As T is bounded 
, P = supj/3(t) G r. For each t, the statement remains true with /3(t) replaced by 
(3. By the usual compactness / glueing argument, we may take gt to be uniformly 
definable, i.e. gt{x) = g{x,t). □ 

3.2. — We now define an invariant analogue of the admissible transformations of 
[IS], Definition 4.1. 

Let (3 = (/3i, ...,Pn) e F". Let VF"//30 = ni<*<n(VF/AC), and let n = : 
VF" VF"//3C be the natural map. Also write n{x, y) = (7r(x), y) if x G VF" and 
y E RV™. Say X C VF" x RV"" is /3- invariant if it is a pullback via tt/?; and that / : 
VF" X RV* ^ VF is {(3, a)-covariant if it induces a map VF"//3C» x RV* ^ VF/aO, 
via (7r^,7r„). 
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Definition 3.2.1. — Fix an integer n. Let C(/3) be the category whose objects are 
definable subsets X of VF" x W with W a bounded definable set of imaginaries 
contained in RV™, and Xy^ a bounded, ^-invariant subset o/VF", forw e W . Here 
m is variable. The morphisms in C{(3) are generated by functions of the following 
type: 

(1) Maps 

(3.2.1) {xi,...,Xn,yi,...,ym) ^ {xi,..., Xi-i, Xi + a, Xi+i, . . . ,Xn,yi, ■ ■ ■ ,ym) 

with a = a{xi, . . . , . . . ,yi) a (5)-covariant L^-definable function. 

(2) Maps of the form (xi, . . . , x„, . . . , yi) ^ (xi, . . . , Xn,yi, ■ ■ ■ ,yi, h{xi)) with h 
an Lo-definable P -invariant function VF — >• RV. 

Let C be the union of C{P) over all p. 

Proposition 3.2.2. — Let a G F" and let X be an a-invariant, bounded definable 
subset of VF" x RV^. Then for some P > a, X is the union of finitely many 
P -invariant definable subsets Z, such that Proposition 4-5 of |15] holds, but with 
C-morphisms. More precisely, this means that each Z is of the following form. 
There exist a morphism T in C, a definable bounded subset H of RV^ and a map 
/i : {1, . . . , ra} — )■ {1, . . . , £'} such that 

(3.2.2) T{Z) = {ia,by,beH, rv(ai) = bh(i), l<t<n}. 

Furthermore, if the projection X — > VF" is finite to one, the projection H — > RV" 
given by bv^ (^/i(i); • • • ; bh{n)) is finite to one. 

Proof. — In |15j . Lemma 4.2, if X is a"*"-invariant, the proof gives a"*"- invariant sets 
Zi and transformations Tj. As stated there, the RV sets ifj are bounded below (since 
X is bounded). Since X is also ^'''-invariant, the sets Hi (being puUbacks from RV) 
must be bounded above as well. Next, given a definable map vr : X — )■ [/, with X, U 
bounded and X, U, ir all a "'"-invariant, we obtain a partition and transformations of 
X over U, such that each fiber becomes an RV-pullback, and each piece of each 
fiber is a+-invariant. Note that the fiber above u depends only onu + (A^a)". Note 
also that U, being a """-invariant, is clopen in the valuation topology. Using Lemma 
I3.1.3[ we may modify the partition and the admissible transformations so as to be 
Z?"*"- invariant, for some P > a. With this, the inductive proof of [15J . Proposition 
4.5 goes through to give the invariant result. □ 

4. Working over F((t)) 

4.1. — We now work over the base field Lq = F{{t)), with F a trivially valued 
algebraically closed field of characteristic zero and val(t) positive and denoted by 
1. Then the sorts of RES are the k- vector spaces Vfc/„ = {x G RV : va\rv{x) = 
k/n}U{0}. Since we have a definable bijection Vk/m V(k+m)/m given multiphcation 
by rv(t), it suffices to consider Vk/m with < k < m. 
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The group jl = lim /i„ of roots of unity acts on RES by automorphisms. On Vk/n, 

a primitive ra-th root of 1, say (, acts by multiphcation by We have an induced 
action on i^(RES). The classes [V/c/at] are fixed by this action; and so an action is 
induced on !K(RES). 

Given a positive integer m, let RESm denote the sorts of RES fixed by m/t, the 
kernel of /t — fim namely, Vk/m for e Z. 

Intersection with RES^ provides a canonical morphism 

(4.1.1) : K+iRES) K+iRESm) 
inducing 

(4.1.2) :!ir(RES)/([Ai] - 1) ^\K{RES^)/{[A'] - 1), 

where \K{RESm) is defined similarly as !i^(RES). One denotes by EUr,m the mor- 
phism 

(4.1.3) EUr,„ : K{VF) ^\K{RESm)/{[A'] - 1) 
obtained by composing EUr in fl2.5.7p and A^ in ( 14.1.21) . 

The following statement is straightforward: 

Lemma 4.1.1. — Let X be a definable subset ofVF^ such that EUr([X]) = [Y], 
with Y a definable subset o/RES". Then EUr,m([-'^]) is the class of the subset ofY 
fixed by mjl. □ 

4.2. — The field Km = F{{t}^^)) does not depend on a particular choice of t^/™, 
and /Xm acts on it. Let /3 G Z" C F", and let X C VF" x RV^ be a /3- invariant, 
bounded X-definable set. Thus, Xt is /3-invariant for each t in RV^, the projection of 
X to is contained in a cube [—a, a]^, and the projection of X to VF" is contained 
in cO^ for some c. For notational simplicity, and since this is what we will use, we 
shall assume X C C»" x RV^. 

Then the fCm-points X{Km) are the pullback of some subset X[m;/3] C 
n^=iF[t^/™]/t^' X RV^; and the projection X[m; (5] has finite fibers. 

We can identify F\t^''^]/t^ with ©o<fc<m7vVfc/„ = ®o<k<mVi^/m- Also, if Y is 
definable in RV and valrv(^) C [—a, a], then 

(4.2.1) F(F((ti/™))) C U{V^ ■ 7 G (l/m)Z n [ —a, a]}. 

Thus X[m] [3] can be viewed as a subset of the structure RESm (over F). Here are 
two ways to see it is definable. The first one is to say it is definable in {F{{t^^^)),t)] 
the induced structure on the sorts Vk/m is the same as the structure induced from 
ACVF. The second one is to remark that after finitely many invariant canonical 
transformations, X becomes a set in standard form, a pullback from F or from RES. 
These operations induces quantifier free-definable maps on the sets X[m;/3]; so it 
suffices to take X in standard form, and then the statement is clear. 
For /3 and [5' in N, with /3 < and a /3-invariant X, it is clear that 

(4.2.2) [X[m; P']] = [X[m; /?]] x [A"'"^^'-^)] 
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in !/s:(RES). Thus [X[m; /3]]/[A"™^]_is a well-defined class in the localization 
!i^'(RES)[[Ai]-i], which we denote by X[m]. We will also use the imaere of this class 
in !i^'(RES)/([A^] — 1) which we denote by X[m]; both X[m] and X[m] depend 
only on X and not on any particular choice of /3. 

If X C X RV^ is a /3-invariant i^-definable set for some then it is also 
/3-invariant for some /3 G Z", so X[m] and X[m] are defined. 

Let X C O" X RV^ be a /3- invariant i^-definable set, and let / : X — > F be 
a /3-invariant canonical bijection in C(/3). Note using Corollary 13.1.21 (2) that Y 
will remain bounded. Moreover, / induces a bijection X[m;/5] — y[m;/3]. Hence 
X[m] = Y[m] and X[m] = Y[m]. 

Proposition 4.2.1. — Let X be a (3 -invariant F{{t))- definable subset of O'^'xIW^ , 
for some fi. Assume the projection X — )■ VF" has finite fibers. Then EUr,m(X) = 
X[m] as classes in !is:(RES^)/([Ai] - 1). 

Proof. — Since both sides are invariant under the transformations of Proposition 
I3.2.2[ we may assume by Proposition 13.2.21 that there exists a definable bounded 
subset H of RV^ and a map /i : {1, . . . , — > {1, . . . , such that 

(4.2.3) X = {(a, 6); 6 G i/, rv(a,) = l<i<n} 

and the map r : H ^ RV" given by 6 i— )■ • • • , &h(n)) is finite to one. According 

to flO:D we may assume [H] = O [A]) with W in RES[£] and A bounded in 

r[n — £]. By induction on dimension and considering products, it enough to prove 
the result when X is the lifting of an object of F or RES. Let us prove that the 
image of the canonical lift from F vanishes for both invariants. In the case of EUr,m; 
the Euler characteristic of any Z cV^ equals the Euler characteristic of some finite 
Zq] the lift to ii'(RV) of Zq vanishes modulo [A^] — 1. In the case of X[m], finitely 
many points of the value group of Km in the cube [0, X]" lie in Z; again for each 
such point, the class of !-ft'(RES) lying above it is divisible by [A^] — 1. On the other 
hand on RES, both EUr,m and X[m] correspond to intersection with RES^. □ 

Corollary 4.2.2. — Let X be a smooth variety over F, f a regular function on 
X and X a closed point o//^^(0). Let 

Xi,, = {ye X{Oy, f{y) = tand7r(i/) = x} 

and let 

X. = {ye X(0);rv/(y) = rv(t) and7r(y) = x}. 
Then is (^-invariant for /3 > 0, and EUrm(Xta;) = Xx[m\ as classes in 
!ir(RES)/([Ai] - !)• 

Proof. — The /3-invariance of is clear. Consider the canonical morphism 

^:i^^(VF)^ir+(RV[*])//3p 

of 02.4.41) . For any t' with rv(t') = rv(t), we have 

tp(t7rv(t),RV) = tp(t/rv(t),RV) 
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and 

It follows that 

(4.2.4) j>{[X^]) = f[U{Xt',^ : rv(t') = rv(t)}] = {f[Xt,.]) ■ e, 

where e is the class of an open ball, i.e. e = [l]i. Applying EUr we find that 
EUr{Xx) = EUr{Xt^x), and the statement follows from Proposition 14.2.11 □ 

4.3. — Consider a sequence tm G F{(t))^^^, m > 0, such that ti = t and = tn 
for every n. Set tk/m = t^- So tk/m = rv{tk/m) e Vk/m- Let X be a F{{t))- 
definable set over RES. Thus X C ni<i<n ^fci/m for some m and fc^'s. The p,- 
action on X factors through a /im-action. The image Y of set X by the 
definable function /(xi, . . . , x„) = (xi/t^i, . . . , x„/tQ^) is an F-definable subset of 
k" and is endowed with a /i^-action coming from the one on X. Recall that an in- 
definable subset of k" is nothing but a constructible subset of A^. Let K^{Va,TF] p) 
denote the Grothendieck semi-ring of F-varieties with /i-action, and Kiyaip'-, P) the 
corresponding ring. Here we impose only the standard cut and paste relations in the 
definition of ii'+(Vari?; p) and K^Vaxp'-, P), and not the additional relation considered 
in |10] and [18] . In this way one gets a morphism of Grothendieck semi-rings 

(4.3.1) e : ir+(RES) — > K+iYBXp; p). 

We denote by !i^'(Var^; p) the quotient of KiYaxp] P) obtained by identifying [Gm, p] 
for the various actions of p on by multiplication by roots of 1. 

Proposition 4.3.1. — The morphism O induces an isomorphism 

(4.3.2) e : !ir(RES) — > IKiYaxp] P). 

Proof. — Follows directly from the statement and the proof of Lemma 10.7 of [15] . 

□ 

5. Etale Euler characteristics with compact supports 

5.1. Etale cohomology with compact supports of semi-algebraic sets. — 

Let i^' be a complete non-archimedean normed field. Let X be an affine algebraic 
variety over K and write X"" for its analytification in the sense of Berkovich. A 
semi- algebraic subset of X"", in the sense of |13] . is a subset of X"" defined by a 
finite Boolean combination of inequalities |/| > \\g\ with / and g regular functions 
on X and A G M. 

We denote by K the completion of a separable closure of K and by G the Galois 
group Gal(i^'/i^'). We set X"" = X°'^®K and for U a semi- algebraic subset of X we 
denote by U the preimage of U in X"" under the canonical morphism X'*" X"". 
Let £ be a prime number different from the residue characteristic of K. 

Let [/ be a locally closed semi-algebraic subset of X""^. For any finite torsion 
ring i?, the theory of germs in provides etale cohomology groups with compact 
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supports Hl{U, R) which coincide with the ones defined there when U is an affinoid 
domain of X'^". We shall set Hi(U, Qi) = Qe \miHi{U, Z/r). 

We shall use the following properties of the functor U ^ Hl{U,Qi). Detailled 
proofs of Properties (1) and (2) are provided in |20j . while (3) follows directly from 
the Kiinneth Formula in Corollary 7.7.3. 

Proposition 5.1.1. — Let U be a locally closed semi- algebraic subset of X"'^, with 
X of dimension d. 

(1) The groups Hl{U,Qe) are finite dimension Qe-vector spaces, endowed with a 
G-action, and Hl{U, Qi) = for i > 2d. 

(2) // V is a semi-algebraic subset of U and open in U with complement F , there 
is a functorial long exact sequence 



Remark 5.1.2. — We shall only make use of Proposition 15. 1 . 11 when X = A" and 
K = k{{t)) with k a field of characteristic zero. 

5.2. Definition of EUgf — We denote by G— Mod the category of Q^[G]-modules 
which are finite dimensional as Q^- vector spaces and by Mod) the correspond- 

ing Grothendieck ring. Let i^' be a valued field endowed with a rank one valuation, 
that is, with T{K) C M. We can consider the norm exp(— val) on K. Let U be an 
ACVFii-definable subset of VF". By quantifier elimination it is defined by a finite 
Boolean combination of inequalities val(/) > vaA{g) + a with / and g polynomials 
and a in T{K) (g) Q. Thus, after exponentiating, one can attach canonically to U a, 
semi-algebraic subset ?7°" of (A^)"", for K the completion of K, and also a semi- 
algebraic subset U"-"^ of A^. When t/"" is locally closed, we define EUet(?7) as the 
class of 



in K{G— Mod). That this makes sense follows from (1) of Proposition 15. 1 . ll 

Lemma 5.2.1. — Let U be an ACVFk- definable subset o/VF". Then there exists 
a finite partition ofU into ACVFk -definable subsets Ui such that each f/"" is locally 
closed. 

Proof. — The set U is the union of sets Ui defined by conjunctions val(/) < vaX{g), 
/ = 0, or val(/) = vaX{g), with / and g polynomials. Since the intersection of 
two locally closed sets is locally closed, it suffices to show that each of these basic 
forms gives a locally closed set. Since |/| is a continuous function for the Berkovich 
topology with values in M>o, the sets corresponding to / = and val(/) = ^a\{g) 
are closed, as well as val(/) < YaX{g). The remaining kind of set, val(/) < val((7), is 




(5.1.2) Hl{U,q,)xHi{VMi)^H:{U xVMi). 



i+i=n 



(5.2.1) 



^(-l)^[iJ^(f/-,Q,)] 
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the difference between val(/) < val(5') and val(/) = val(5'), so is the corresponding 
set is locallly closed. □ 

Proposition 5.2.2. — There exists a unique ring morphism 
(5.2.2) EUe-t : K{VF) — > K{G-Mod) 

such that EU st{[U]) = EUe't(f/) when U"-"- is locally closed. 

Proof. — Let U be an ACVF^^-definable subset of VP". Choose a partition f/j as 
in Lemma [5. 2. 1[ and set E\J^t{U) = I]j EU^t(t^j)- This is independent of the choice 
of the partition f/j. Indeed, if f/j is a finer such partition with (f/j)"" locally closed, 
X]jEUet(?7() = I]j EUct(f/j) by (2) in Proposition I5.1.1[ and two such partitions 
always have a common refinement. Note that E\J^t{U) depends only of the isomor- 
phism class of as a definable set. Indeed, when / is a polynomial isomorphism 
f : U ^ U' (with inverse given by a polynomial function), and U"'"' and {U')"'"' are 
locally closed, this is clear by functoriality of H', and in general one can reduce to 
this case by taking suitable partitions f/j and U- of U and U'. The fact that EU^t 
satisfies the additivity relation and is unique is clear using again (2) in Proposition 
15.1.11 Por existence, it remains to prove EUet is multiplicative which follows from 
(3) in Proposition 15.1.11 Unicity is clear. □ 

5.3. Definition of Euet- — We now assume again and in §5.41 that K = F{{t)) 
with F algebraically closed of characteristic zero. Thus G may be identified with 
fi. Let X be an F-variety endowed with a /i-action. The £-adic etale cohomology 
groups Hl{X, Qi) are endowed with a /i-action, and we may consider the element 

(5.3.1) En,,{X):=J2{-iy[Hl{X,Qi)] 

i 

in i^'(/i— Mod). Recall the isomorphism 

(5.3.2) e : !if (RES) — > IKiYaxp] A) 

of Proposition 14.3. II The morphism Eu^t ° © factors through !i^'(RES)/([A^] — 1) 
and gives rise to a morphism 

(5.3.3) Eu^t :!/s:(RES)/([A^] - 1) — > K{fi-Mod). 

5.4. Compatibility. — We have the following basic compatibility property be- 
tween EUet and Euet. 

Proposition 5.4.1. — The diagram 

(5.4.1) KiyE) — !ir(RES)/([Ai] - 1) 




K{fi-U.od) 



is commutative. 



MONODROMY AND THE LEFSCHETZ FIXED POINT FORMULA 



15 



Proof. — It is enough to prove that if X is a definable subset of VF", then 
EU(,t{X) = Eu,5t(EUr([X])). Using the notations of (12.4. ip and the isomorphism 
( I2.3.4p . we may assume the class of X in i^'+(VF"') is of the form L(\E'(a (S) b)) with 
a in K+{RES[m]) and b in K+{T[r]). 

If r > 1, EUr([X]) = by construction of EUp. Thus, we have to prove that 
EUct(-^) = 0. By multiplicativity of EUct, it is enough to prove that EUet(IL(6)) = 0, 
which is given by Lemma [5.4.2[ 

Thus, we may assume r = and [X] = L(\E'([Z] ® 1)), with Z a definable subset 
in RES[n]. Assume first Z is definable over the residue field sort k. Thus Z is given 
with a definable map with finite fibers f : Z ^ A^. By additivity, we may assume 
Z is a smooth variety of dimension < n over F. In fact, we may even assume Z 
is smooth of pure dimension n. Indeed, if Z is of dimension < n — 1, since the 
construction of L on RES[n] does not depend of /, we may, after maybe replacing 
Z by a dense Zariski open, replace f hy io with g given by n — 1 coordinates such 
that g: Z ^ A^-^ is finite and i : A^ ^ — A^ the inclusion. Thus 

(5.4.2) L((Z, /)) = L((Z, iog)) = L((Z, g)) x M, 

hence EU,t([L((Z, /))]) = EU ,t{[h{{Z , g))]) by multiplicativity, since EU,t([-M]) = 
1. Thus, assume Z is a smooth F- variety of pure dimension n. Let Z be the formal 
completion of Z (g) with generic fiber Z^j and reduction map tt : Z^j ^ Z . By 

Lemma 15. 4. 3^ there is a canonical isomorphism 

(5.4.3) KO^^, Qi) ^ Hl--\Z, Q,{n))\ 

thus Euet(EUr([X])) = EUet([X]). 

Now consider the general case when Z is a definable subset of some RES'^. 
Recall the notation from §4.31 We write Z C ni<i<n V^./m for some m and 
fcj's and consider the image Y of set Z by the F((t^/™))-definable function 
f{xi,...,Xr) = {xi/taj^, . . . ,Xr/ta,.) which is an F-definable subset of A^ 
which is endowed with a /i^-action coming from the one on ni<i<r ^fc,/m that 
is, C ■ {yi, ■■■,yr) = {(''^Vi, • • • , ('""'Vr), with {yi, ...,yr) the coordinates on 
A'^p. Furthermore IL(y) is the isomorphic image of L(Z) under the mapping 
{Xi,...,Xr) I— > {Xi/taj^, . . . , Xr/ta^). This iuduccs an isomorphism between 
the cohomology groups if*(L(Z)™, Q^) and if*(L(y)'^"', Q^), which becomes 
/i-equivariant once if*(L(y)"", Q^) is endowed with the action induced by 
( ■ {Xi,...,Xr) = (C'^^Xi, . . . , C'^'X,.). In this way, the result follows from the 
former case. □ 

Lemma 5.4.2. — If Z is a definable subset ofT^, with r >1, then 

(5.4.4) EVdHZ)) = 0. 

Proof. — By quantifier elimination and cell decomposition in o-minimal structures, 
cf. |24j . we may assume Z is defined by r conditions 

(5.4.5) Li{xi, . . . , Xi-i) Di^i Xi Di^2 m^i, Xi-i), 
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with Dj 1 and □j^2 either <, <, = or no symbol, Lj and L[ affine hnear forms in 
variables Xi, . . . , with rational coefficients. Thus L(Z) is the set defined by the 
r conditions 

(5.4.6) Li(val(xi), . . . , val(xi_i)) val(xi) □i_2 L^(val(xi), . . . , val(xi_i)). 



Let Z = (L(Z))"". Let us prove by induction on r that for any finite abelian group 

A and any < j < 2r, H^^~^{Z,A) is canonically isomorphic to a(j)(— r). Let vr be 
the restriction of the projection onto the first r — 1 coordinates in to Z. Thus, 
Z' = 7r(Z) is defined by the first r — 1 conditions in fl5.4.5p . Let us still denote by 
vr the induced morphism Z — )■ Z'. By the standard computation of the cohomology 
of annuli, one gets that the sheaves R^irilAz) are zero for i different from 1, 2 and 
are equal to the constant sheaf Az'{—1) for i = 1, 2. Applying induction to Z' and 
the Leray spectral sequence 5.2.2 of [,3j, one gets the claim about H^^'"^ {Z, A). The 
statement follows. □ 

Lemma 5.4.3. — Let X be a smooth formal scheme over the valuation ring of 
K with special fiber X of pure dimension n and analytic generic fiber X^. Let 
TT : A'^ — )■ X be the reduction map. Let S be a smooth closed subvariety of X . Then 
there exists canonical isomorphisms 



(5.4.7) Hl{7,'\S),Qi) ^ Hl--\SMn))\ 

with ^ standing for the dual vector space. 

Proof. — By Corollary 2.5 of [5j, for any finite torsion group A, we have a canonical 
isomorphism 



(5.4.8) RV,{n-\S),Ax^) ~ RV s{X,R^^{Ax^)). 

By triviality of vanishing cycles for smooth schemes, cf. Corollary 5.4 of [3], 
R'^ipr^i^Ax^) = for g > and R^ipr^i^Ax^) = Ax, hence it follows that there are 
canonical isomorphisms 



(5.4.9) Hli7r-^iS\A)^HUX,A). 

We may assume S is of pure codimension r, hence, by purity, we have canonical 
isomorphisms Hg{X,A) ~ H^~'^^{S, A{—r)), so we get canonical isomorphisms 



(5.4.10) Hl{n-^iS),A) ^ iJ'-^^(5, A(-r)), 

compatible with the /t-action. The result follows by Poincare duality and passing 
to the limit over torsion coefficients. □ 



6. Proof of Theorem II. 1.11 



6.1. Using comparison results. — Let X be a smooth complex variety and / 
be a regular function on X. Let x be closed point of the fiber /~^(0). We shall 
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use the notation introduced in Corollary I4.2.2I Thus vr denotes the reduction map 
X[0) — )■ -^(k), and we consider the ACVF-definable sets 

(6.1.1) Xt,, = {ye X{0)- f{y) = tand7r(y) = x} 
and 

(6.1.2) = {yeXiO);iYfiy) = iv{t)andniy)=x}. 

Note that X^^^, is nothing but the underlying set of the analytic Milnor fiber 
J-'a- introduced in §9.1 of |22j . Fix an embedding of in C, and denote by ip the 
canonical topological generator of /2(C) = Gal(C((t))"/C((t))) given by the family 
(Cn)n>i with (n = exp(2i7r/n). By Theorem 9.2 from [22] . which is a consequence 
of the Comparison Theorem 3.5 from [5], there are canonical isomorphisms 

(6.1.3) H\F,,£) ^ H\J^,xC({ty)\Q,) C 
compatible with the action of Mj, and (p. It follows that 

(6.1.4) A(M;^) =tr(¥P™;i7-(J-,.xC((t)y-,Q,)). 

By Poincare Duality as established in §7.3 of [3], there is a perfect duality 

H\T^xajtj)^,z/e''z)) X /7f-^(J•^x(^5((^jy^z/^z(rf))) -> z/rz, 

with d the dimension of X, hence after taking the limit over n and tensoring with 
Qi one deduces that 

(6.1.5) A(M,"^) =tr(¥,"^;/^;(J•,.^C((tjy^Q,)). 

6.2. Lefschetz fixed point for finite order automorphisms. — Let us de- 
note by Xc,e the £-adic Euler characteristic with compact supports. The following 
statement is classical and follows in particular from Theorem 3.2 of [Bj: 

Proposition 6.2.1. — Let X a a quasi-projective variety over an algebraically 
closed field of characteristic zero. Let T be a finite order automorphism of X with 
fixed point set X'^ . Then 

(6.2.1) Xc/(X^)=tr(T;ff;(X,Q,)). 

6.3. Proof of Theorem ll.l.lL — 

Stepl. — By the comparison statement in (I6.1.5|) . we have 

(6.3.1) A{M:^) = tT{^^; EUet(Xi,,)). 
Step 2. — By the compatibility result in (15.4.11) . we have 

(6.3.2) tr((^™; EUet(Xt,,)) = tr((^"^; Euet(EUr(Xi,,))). 

Step 3. — By the Lefschetz fixed point theorem for finite order automorphisms 
(Proposition 16.2. ip together with Lemma 14.1.11 we have 

(6.3.3) tr((^™; Euet(EUr(Xi,,))) = Xc{E\]r,UXt,.))- 
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Step 4- — By Corollary I4.2.2[ and with the notation therein, 

(6.3.4) Xc{EUr,m{Xt,.)) = Xcihmim]). 
Step 5. — Finally, one notices that 

(6.3.5) xMX,)[m]) = Xc{Xn,,.). 
Indeed, for m > 1, 

(6.3.6) Xrn,. = We X(C[t]/t'"+i); /(^) = r mod r+\ </.(0) = x} 
may be rewritten as 

(6.3.7) {if E X(C[t'/"^]/t('"+^)/"^); f{ip) = t mod ^,(0) = x} 
or as 

(6.3.8) {if G X(C[ti/"^]/t("^+^)/"); rv(/(¥?)) = rv(t), y?(0) = x}. 

Thus, using the isomorphism of Proposition 14.3. 1^ we have that the class of 
Q{h{Xx)[m]) in !i^(Vari?; fl)/{[A^] — 1) is equal to that of Xm,x and the equality of 
Euler characteristics with compact supports follows. □ 

7. Trace formulas and the motivic Serre invariant 

7.1. — In this section F denotes a field of characteristic zero, K = F{{t)), 
K{m) = F((t^/'")) and K = Um>iK{m). When F is algebraically closed, we identify 
the Galois group of K with ft and fix a topological generator cp of fi. 

If X is an ACVF^-definable or an algebraic variety over K, we write X{m) and 
X for the objects obtained by extension of scalars to K{m) and K, respectively. We 
denote by Go the morphism 

(7.1.1) Bo :!ir(RES)/([Ai] - 1) ^ K (Vai p) / {[A^] - 1) 
induced by the morphism B of Proposition 14.3.11 and by 

(7.1.2) xc : K{V^tf)/{[A'] - 1) ^ Z 

the morphism induced by cohomology with compact supports, say £-adic. 

Proposition 7.1.1. — Assume F is algebraically closed. Let X be an ACVFj^- 
definable subset o/VF". Then 

(7.1.3) tr(<^'"; H'^iX, Q,)) = xdOo o EUr,.„([X])). 
Proof. — By fICTT]) . 

(7.1.4) tr(y,-;i7:(X,Q,)) =tr(^-;EUr([X])) 
and by Proposition 16.2. H 

(7.1.5) tr(<^— ; EUr([X])) = xd^o o EUr,^([X])). 

The result follows. □ 
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7.2. The motivic Serre invariant. — Let R he a complete discrete valuation 
ring, with perfect residue field F and field of fractions K. Let X be a smooth quasi- 
compact rigid i^- variety. In |19] . using motivic integration on formal schemes, for 
any such X a canonical class S{X) G K(ya,Tp)/{[A^] — 1) is constructed, called its 
motivic Serre invariant. If X is a smooth proper algebraic variety over K, one sets 
S{X) = S{X"3)^ with X'''3 the rigid analytification of X. 

We have the following comparison between the morphism EUr and the motivic 
Serre invariant in residue characteristic zero: 



Proposition 7.2.1. — Let K = F{{t)) with F a field of characteristic zero. Let 
X be a smooth proper algebraic variety over K . Then, for every m>l, 

(7.2.1) eo(EUr,™([X])) = S{X{m)). 



Proof. — After replacing F{{t)) by we may assume m = 1. Let be a 

weak Neron model of X, cf. |19j . Consider the unique definable subset Xi of X 
such that for any valued field extension K' of K., with valuation ring i?', Xi{K') 
is the image of X{R') under the canonical mapping X{R') — j- X{K'). Let X^i be 
the complement of Xi in X. By the very construction of EUr,i, 6o(EUr,i([Xi])) = 
S{X). Thus it is enough to prove that EUr,i([X^i]) = 0. Since X^i(F''((t))) = 
for every field extension F' of F by the Neron property of X, this follows from 
Lemma [7X1 □ 



Lemma 7.2.2. — Let X be an F{{t))- definable subset of VP". Assume that 
X(F'((t))) = for every field extension F' of F . Then EUr,i([X]) = 0. 

Proof. — Using the notations of (12.4. ip and the isomorphism fl2.3.4p , we may assume 
X is of the form [X] = L(^(a ® b)) with a in ir+(RES[m]) and b in i^+(r[£]). If 
i > 1, EUr([X]) = by construction of EUp. Thus, we may assume i = and 
6=1. Write a = [Z] with Z definable in some RES'^. By construction Z and 
EUr(X) coincide in !/s:(RES)/([Ai] - 1). On the other hand, if X(F'((t))) = for 
every field extension F' of F, then Z fl RES" = 0. □ 

In particular, by combining Proposition 17.1.11 and Proposition 17.2. H we obtain 
the following: 

Corollary 7.2.3 ( [22] ). — Let K = F{{t)) with F an algebraically closed field of 
characteristic zero. Let X be a smooth proper algebraic variety over K . Then, for 
every m>l, 

(7.2.2) tr(^'-; H:{X, Q,)) = Xc{S{X{m))). 



The original proof in Corollary 5.5 |22] of CoroUarv 17.2.31 uses resolution of sin- 
gularities, which is not the case of the proof given here. 
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7.3. Analytic variants. — Assume again i? is a complete discrete valuation ring, 
with perfect residue field F and field of fractions K. In [21J, the construction of 
the motivic Serre invariant was extended to the class of generic fibers of generically 
smooth special formal i?-schemes. Special formal i?-schemes are obtained by gluing 
formal spectra of quotient of i?-algebras of the form -R{Ti, . . . , Tr}[[S'i, . . . , S's]], cf. 
|21] . In particular, if A"^ is such a generic fiber and K = F{{t)) with F an alge- 
braically closed field of characteristic zero, then it follows from Theorem 6.4 of [21] . 
generalizing Theorem 5.4 of '221 , that, with the obvious notations, for every m > 1, 

(7.3.1) tr(¥;"^; H'^iX,, Q,)) = Xe(5(^,(m))). 

Now, replacing the theory ACVF(0, 0) by its rigid analytic variant ACVF^(0, 0) 
introduced by Lipshitz in [17] . and assuming that the results of §S] extend to 
ACVF^(0, 0)-definable sets, which is very likely, all the results in the previous sec- 
tions would hold for ACVF'^(0, 0)-definable sets. In particular. Proposition 17.2.11 
and Corollary 17.2.31 would hold for generic fibers of generically smooth special for- 
mal _R-schemes. This would provide a proof of 07.3. ip which would not use resolution 
of singularities, unlike the proof in [21J . 



8. Recovering the motivic zeta function and the motivic Milnor fiber 

8.1. Some notations and constructions from |16] . — Let A be an ordered 
Abelian group and n a non negative integer. We shall consider the categories r^[?T,], 
r^'^'^[n], voir^[n] and voir^'^*^[n] defined in Definition 2.4 of |16] . Thus, r^[n] is the 
category of A-definable subsets of F", F|4^'^[n] is the subcategory of bounded subsets, 
while volF^[n] has the same objects as r^[?T,] with morphisms f : X Y, those 
morphisms in F^[?t,] such that J2i = J2i Hi whenever ■ ■ ■ , y„) = /(a;i, ■ ■ ■ , 
voirj4^'^[n] is the subcategory of voir^[n] whose objects are bounded below. Finally, 
we denote by volF^^'^'^ [n] the subcategory of voir^[n] whose objects are bounded on 
both sides. 

We shall also consider the corresponding Grothendieck semi-groups i^+(ryi[n]), 
K+{T'f'^[n]) and K+{yo\T A[n]), K+{Yo\T^^'^[n]). and (volFf '^'^ [n] ) . We also set 
X+(r^'^'^[*]) = ®nK+{V^^'^[n\) with associated ring K{Vf'^), and similar notation 
for the measured categories. 

Let [0]i denote the class of in K+{T'°^'^[l]). We set 

(8.1.1) <(rr) = (^4rrM)[[o]r'])o, 

where (i^+(r|4^*^[*]) [[0]]^^])o is the homogeneous part of the graded semi-ring 

In Definition 3.14 of [16j, given a base structure A, categories volRV^^'^[n] and 
volRES[n] are defined. One defines volRV^'^*^'^ [n] as the subcategory of volRV'^'^'^[?2] 
whose objects are bounded on both sides. Similar notation as above for the various 
semi-ring and rings. 
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We have a map 

(8.1.2) K+{vo\RES[n]) ir+(volRV^^'^M) 
induced by inclusion and a map 

(8.1.3) K^{Yo\T^'^'^[n]) K+{Yo\RV^'^'^[n]) 

induced by X i— )■ rv^^(X). By §3.4 in |16j . taking the tensor product, one gets a 
canonical morphism 

(8.1.4) ^ : ir+(volRESH) ® K+{yo\T^'^'^[*]) K+{volRV^'^'^[*]) 
whose kernel is generated by the elements 

(8.1.5) [val7;(7)]i®l-l® Ml, 

with 7 in r definable. Here the subscript 1 refers to the fact that the classes are 
considered in degree 1. Note that 08.1.41) restricts to a morphism 

(8.1.6) ^ : ir+(volRES[*]) ® K+{volT^^'^'^[*]) ir+(volRV''^'^'^[*]). 
Similarly, cf. Proposition 10.10 of [15] . there is a canonical morphism 

(8.1.7) ^ : /s:+(volRES[*]) ® ir+(voir[*]) — ^ fs:+(volRV[*]) 

whose kernel is generated by the elements (I8.1.5j) . 

Consider the category vo1VF[?t,] of Definition 3.20 in |16j and its bounded version 
volVF^'^'^[n]. The mapping L lifts to a mapping L : ObvolRV[n] — > ObvolVF[ri]. 
Let Jgp be the congruence generated by [l]i = [RV^°]i with the constant volume 
form G r. By Lemma 3.21 of and Theorems 8.28 and 8.29 of [15j, there are 
canonical isomorphisms 



(8.1. 

and 



j : ir+(volVFM) ir+(volRV[n])//; 



(8.1.9) j : i^+(volVF'^''^[n]) ^ ir+(volRV^'''^[n])/4 

such that [X] = [L(y)], for X in volVF[n] and V in volRV[n] (resp. vol VF^'^'^ [n] and 
volRV^'^'^[n]) if and only if /([X]) is equal to the class of [V] in /s:+(volRV[n])/4 



(resp. ir+(volRV^'^'^M)//,' 



sp 



sp; 



8.2. The morphism hm- — We go back to the framework of 14.11 thus the base 
structure the field Lq = F{(t)), with F a trivially valued algebraically closed field 
of characteristic zero and val(t) positive and denoted by 1. 

Let A be a bounded definable subset of F". For 7 G F", let w(7) = J2i<i<nli- 
For every integer m > 1, we set 

(8.2.1) a^(A)= J2 [A'r"^<^\l-[A']-'r, 

(7i,...,7„)eAn(l/mZ)" 

in !i^+(volRES[n])([A^]^-'^), defining a morphism 

(8.2.2) am ■■ ir+(volF^^'^H) ^!ir+(volRESH)([Ai]-i). 
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Now consider {X, f) in RES[n]. Assume f{X)cVy^x---xV^„. Set 

(8.2.3) 6„(X) = [X][Ai]-™"'(^)-" 

in !ir+(volRESM)([Ai]~i) if m(7i, . . . , 7„) G and 6™(X) = otherwise. Note 
that X = X n RESm in the first case case. This construction extends uniquely to a 
morphism 

(8.2.4) bm : ir+(volRES[*]) ^!/^+(volRES[*])([Ai]-^). 
The morphism 

(8.2.5) b^^am-. ir+(volRESH) ® ir+(voir^^'^[*]) ^!ir+(volRES[*])([A^]-^) 
factors through the relations fl8.1.5p and gives rise to a morphism 

(8.2.6) hm : K+{yo\RV^^'^'^[*]) ^!ir+(volRES[*])([A^]-i). 

Indeed, if 7 = i/m, am([7]i) = [A^^'il - [A^]-'^] and [val„^(7)]i = [A^] - 1 in 
!i^+(volRES[l]), thus am([7]i) = 6m([val„^(7)]i). We still denote by hm the mor- 
phism induces between the corresponding rings. 

Let us now state the analogue of Proposition 14.2.11 in this context. 

Proposition 8.2.1. — Let X be a P -invariant F{{t))- definable subset of O^xKV^ , 
for some p. Assume the projection X VF" has finite fibers. Then km takes the 
same value h^if X) on all liftings of f X to (volRV^'^*^'^ [n] ) and 

h^(^j = [X[m]] 

as classes in \K+{vo\RES[n]){[A^]-'^) . 

Proof. — Since both sides are invariant under the transformations of Proposition 
13. 2. 2^ we may assume by Proposition 13.2.21 that there exists a definable bounded 
subset H of RV^ and a map /i : {1, . . . , n} — )• {1, . . . , £'} such that 

(8.2.7) X = {{a,by,beH, rv(a,) = bh^i), 1 < t < n} 

and the map r : H ^ RV" given by 6 1— )■ (&h{i), • • • , &h(n)) is finite to one. According 
to flSX^ we may assume [H] = ^([W^] (g) [A]) with W in RES[£] and A bounded 
in r[r;, — £]. By induction on dimension and considering products, it enough to 
prove the result when X is the lifting of or A. In both cases, this is clear by 
construction. □ 

Remarks 8.2.2. 

1. Upon adding additive inverses, passing from volRES[n] to RES[n], and taking 
the quotient by [A^] — 1, one obtains precisely the equation of Proposition 14. 2.11 

2. Let \^ be a smooth variety over F, with a volume form u (a nowhere vanishing 
section of /\^"^TV). Let X be a bounded, /3-invariant F((t))-definable subset 
of V. Then J X is defined in i^+(volRV^'''^'^[rz]), and does not depend on the 
choice of oj, as long as u is chosen over F. When x is a smooth point of V, 
in the definition of a Milnor fiber fiber one can always pass to a Zariski open 
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subset of V containing x and carrying a volume form. From now on, we will 
refer to / X in this situation, without further mention of the volume form. 
3. Let be a smooth variety over F carrying a volume form. Let X be a bounded, 
/9-invariant F((t))-definable subset of V. Then the statement of the Proposition 
remains valid. 

8.3. Expressing the motivic zeta function. — Let X be a smooth connected 
algebraic variety of dimension d over F and / a non constant regular function 
/ : X ^ A],. 

Let Xjyi X 

be as in (11. 1.41) . We consider now Xjn,x endowed with its natural /i-action 
that factors through the /Xm-action induced by t i— (t. 
We still denote by G the isomorphism 

(8.3.1) e :!if(RES)[[A^]^^] ^\K{VaTF; fi)[[AY^] 
induced by fl4.3.2p . By composing with the canonical morphism 

(8.3.2) !ir(volRES)[[Ai]-^] !K(RES)[[Ai]-^] 
one gets a morphism 

(8.3.3) e :!ir(volRES)[[A^]-^] ^ !K(VarF; /i)[[A^]"^]. 
Recall 

(8.3.4) A", = {yE X(0); rv/(|/) = rv(t) andvrd/) = x}. 
We have the following interpretation for the class of Af^.x- 

Proposition 8.3.1. — Let X be a smooth variety over F , f a regular function on 
X and X a closed point o//~^(0). Then, for every integer m > 1, 

in \K{ywF\ii)\\^W 

Proof. — It follows from Proposition 18 . 2 . ll similarly as in Corollary I4.2.2[ that 

(8.3.5) h^[j X^=Xx\m\. 

Since, as already observed in Step 5 of l6.3L Xm^^ is the image of X^ modulo ^('"+1)/™^ 
the result follows. □ 

The motivic zeta function Zf^^iT) attached to (/, x) is the following generating 
function, cf. [7], [ID] . 

(8.3.6) Zf,x{T) = E i^mj [A'"']"' 

m>l 

in !i^'(Vari7'; /i) [[A"*^]^"*^] [[T]]. Thus, by Proposition 18.3. 1[ Zf^^iT) may be expressed 
directly in terms of X^: 
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Corollary 8.3.2. — Let X be a smooth variety over F, f a regular function on 
X and X a closed point o//~^(0). Then, 



zUT)=Y.e(hJfx,))T'^ 

m>l ^ ^"^ 



Remark 8.3.3. — We could have defined X[m] in §4.21 without going to l-ft^ at the 
cost of inverting the classes of the V^'s. The constructions and statements in this 
section [H] could also have been performed in K instead of \K after inverting the 
classes of the Vy^s. It is only in 18.41 when we discuss rationality of power series and 
their consequences that we have to go to \K. 

8.4. Expressing the motivic Milnor fiber. — It is known that Zj^.(T) is 
rational and that lim^^oo exists, cf. [10] . |18] . One sets 

(8.4.1) Sf,, = -hm Z;,.(T). 

1 — )-oo 

This is the motivic Milnor fiber consider in |10] , |18] (more precisely, it is the image 
of Sf defined here under the canonical morphism !i^(Vari;'; /i)[[A^]~^] — )■ Aip that 
is considered in |10] , |18] ) . We shall show in Corollary 18.4.21 how one may extract 
directly Sf^^ from / Xr^. 

Consider the morphism 

(8.4.2) a : K{yo\T[*]) — >!K(volRES[*])([Ai]-i) 

which send the class of A in i^(voir[?2]) to x(A)(l — [A^]^^)", with x the o-minimal 
Euler characteristic and the morphism 

(8.4.3) (3 : ir(volRESH) ^!ir(volRES[*])([A^]-i) 

which send the class of Y in i^(volRES[n]) to [F][Ai]-". 
Taking the tensor product of a and /3 one gets a morphism 

(8.4.4) T : K{volRV[*]) ^!/^(volRES[*])([A^]-^) 

since the relations 08.1.51) in the kernel of the morphism fl8.1.7p are respected. 
Proposition 8.4.1. — Let Y be in ir(volRV^'''^'^[*]). The series 

Z(r)(T) = Y.hUY)T"', 

in !ii'(volRES[*])([A^]^^) [[T]] is rational with denominators products of terms of the 
form 1 — [A^]"'T^, a G Z, 6 > 1. Furthermore, Z(Y)(T) has a limit as T ^ oo and 

lim Z(Y)(T) = -T(Y). 

Proof. — We may assume Y is of the form \E'([1^] ® [A]) with W in RES[p] and 
A in r[g]. Since Z{Y){T) is the Hadamard product of Z(^([Vr] ® 1))(T) and 
Z(^(l ® A))(T), by Propositions 5.1.1 and 5.1.2 of [S], it is enough to prove the 
statement for "^{[W] 1) and ^^(1 (g) A). The statement for \E'([iy] (g) 1) follows 
from a direct geometric series computation. Now remark that Z(\E'(1 (g) A))(T) and 
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T(*(l(g)A)) depend only on the image of [A]/[0]? in Kf{r^^'^)(g)Q. By Proposition 
2.20 of m], Kf{T^'^'^) O Q is generated as a Q-algebra by the elements [7]i/[0]i 
and [0, 7)i/[0]i, 7 in Q, where the index 1 stands for considering the object in r[l]. 
Thus, again by Propositions 5.1.1 and 5.1.2 of [9J, it enough to consider the case 
when q = 1 and A is equal to {7} or to [0,7). The statement then follows from a 
direct geometric series computation. □ 

Corollary 8.4.2. — Let X be a smooth variety over F, f a regular function on 
X and X a closed point of f~^{0). Then 




Proof. — This follows directly from Corollary 18.3.21 and Proposition 18.4.11 □ 
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